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Abstract
Our interest focuses on developing statistical methods for analysis of brain structural con-
nectomes. Nodes in the brain connectome graph correspond to different regions of interest
(ROIs) while edges correspond to white matter fiber connections between these ROIs. Due
to the high-dimensionality and non-Euclidean nature of the data, it becomes challenging to
conduct analyses of the population distribution of brain connectomes and relate connectomes
to other factors, such as cognition. Current approaches focus on summarizing the graph using
either pre-specified topological features or principal components analysis (PCA). In this article,
we instead develop a nonlinear latent factor model for summarizing the brain graph in both
unsupervised and supervised settings. The proposed approach builds on methods for hierarchical
modeling of replicated graph data, as well as variational auto-encoders that use neural networks
for dimensionality reduction. We refer to our method as Graph AuTo-Encoding (GATE). We
compare GATE with tensor PCA and other competitors through simulations and applications to
data from the Human Connectome Project (HCP).
Keywords: Brain networks; Dimensionality reduction; Graph data; Non-linear factor analysis;
Neuroscience; Replicated networks; Variational Auto-encoder.
1 Introduction
Understanding the brain connectome and how it relates to human traits and various clinical variables
has drawn huge attention recently [1, 2, 3, 4], and has motivated large neuroimaging studies with
thousands of subjects, such as the UK Biobank [5], the Human Connectome Project (HCP) [6], and
the Adolescent Brain Cognitive Development cohort [7]. Through these studies, there have been
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dramatic improvements in ability to reconstruct brain connectomes thanks to advanced hardware
[8], novel image acquisition protocols [8, 9], and new reconstruction algorithms [10, 11]. Inspired
by these developments, we are interested in creating advanced analysis methods for the brain
structural connectome recovered from diffusion MRI data. It is important to obtain parsimonious
representations of the connectome via accurate embeddings in Euclidean space, while using such
embeddings to link brain function and human behavior. Let Ai represent the structural connectivity
recovered from subject i, whose elements Ai[uv] characterize white matter connection properties
between different brain regions u and v. Such data can be considered as a type of replicated graph
[12]. A fundamental challenge in analyzing replicated graphs is how to appropriately summarize
each individual graph in a parsimonious manner, isolating unique features of that graph while
maintaining an ability to study similarities and differences across graphs.
There is an immense literature focused on analysis of a single graph, ranging from simple Erdos-
Renyi and stochastic block characterizations to more elaborate mixed-membership stochastic block
[13] and latent space models [14]. However, the literature on replicated graphs is still in its infancy.
Based on a latent space characterization, Durante et al. ([15]) proposed a random effects model to
characterize the population distribution of a set of binary networks. Their model incorporated a
component characterizing the average graph, while modeling individual-specific deviations using a
low-rank structure. By using a Dirichlet process prior for the distribution of the individual-specific
random effects, the model induces clustering of individuals and allows inference on group differences
according to their brain structure [16]. There are also papers on optimization-based factorization
approaches for replicated graphs. One approach is to simply stack the adjacency matrices for each
individual into a tensor, and then apply tensor PCA and its variants to get summary scores of
networks ([17] and [18]). These scores are treated as surrogates of networks in subsequent analyses,
e.g., relating brain networks to human traits ([17]).
Although Durante et al ([15]) provide a flexible representation of the population distribution
of replicated graphs, their approach relies on a computationally intensive Bayesian analysis with
Markov chain Monte Carlo. The tensor PCA method is relatively efficient computationally and
provides a simple low-dimensional summary of an individual’s brain structure, but it does not
allow inference on the population distribution. Moreover, these PCA-based methods are all linear
methods, which may have limited ability to parsimoniously represent the non-Euclidean structure
in the complex graph data. A major motivation of this article is to develop a nonlinear latent
factor modeling approach that provides a characterization of the population distribution of brain
graphs, while also outputing a low-dimensional vector of features that can be used to summarize an
individuals graph, facilitating prediction and inference.
With this motivation, we are particularly intrigued by recent developments in the machine learning
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literature using neural networks for non-linear dimensionality reduction. Generative algorithms such
as Variational Auto-Encoders (VAEs) [19], [20], have proven successful in representing images via
low dimensional latent variables, which are incorporated within a deep neural network. VAEs model
the population distribution of image data through a simple distribution for the latent variables
combined with a complex non-linear mapping function. In the imaging context, a key to the success
of such methods is the use of convolutional operators to encode symmetries often present in imaging
data. However, replicated graph data have a fundamentally different geometric structure and such
methods cannot be employed directly.
We develop a model-based variational Graph Auto-Encoder (GATE). The GATE approach
has two important components: (1) a nonlinear latent factor model to obtain a low-dimensional
representation of individual network Ai, denoted as zi; and (2) a hierarchical generative model
designed to learn the population conditional distribution p(Ai|zi). We model each cell Ai[uv] in Ai
using a latent space model [14], with the latent coordinates of the regions u and v varying as a
nonlinear function of the individual-specific features zi. Two layers of nonlinear dimensionality
reduction for replicated graphs are achieved in GATE: one on the individuals to reduce dimensionality
in characterizing differences among individuals, and one on the nodes to reduce dimensionality in
characterizing the network structure within each individual in the style of latent space models for
networks.
For node dimensionality reduction, we utilize a graph convolutional neural network (GCN) to
incorporate the geometric structure of the brain graphs and employ a nonlinear function to learn
the latent representation of the regions. Convolutional neural networks are effective architectures
in image and audio recognition tasks [21] [22] [23], thanks to their ability to exploit the local
translational invariance structures over their domain. GCN is an extension of convolutional neural
networks (CNN) that enables automatic feature extraction and summarization for graph-based data.
The major GCN methods include spectral-based approaches [24] that rely on the eigen-decomposition
of the graph Laplacian matrix, and spatial-based approaches that aggregate feature information
from neighbors [25]. Existing GCN approaches either focus on the node-level embedding of a single
graph [25], [26] with applications in link prediction, or provide a compact representation of the
graph itself [27], [28] with applications including graph classification tasks.
However, directly applying current GCN methods to learn the regions’ representation for
replicated graphs is problematic without fully considering the following distinct features of the brain
structural networks: (1) sparsity, implying the regions are not fully connected; (2) transitivity,
implying that region u and v being connected to the same region suggests that u and v are not
far away in the latent representation space; (3) distinction, meaning each region has a distinct
collaborative pattern to its neighbors; (4) similarity, implying each subject has shared structures
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with others but also maintains its unique set of features. Figure 1 displays the structural connectivity
pattern in one young adult human brain. Inspired by the unique structure of the human brain, we
develop a novel graph convolutional network (GCN) in GATE to obtain low-dimensional region
representations, while fully exploiting the above features. More specifically, since brain gray matter
regions (those ROIs in Figure 1 (c)) are connected through white matter tracts, the distance between
each pair of regions is controlled by these anatomical connections. Our proposed GCN naturally
accommodates such intrinsic properties as part of the geometric structure, and learn the region’s
representation by propagating region-specific k-nearest neighbor information.
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(a) Fiber tracts (b) Brain parcellation (c) Connectivity matrix
Figure 1: One example of brain structural connectivity. (a) subsampled white matter fiber tracts
in one person’s brain; (b) an anatomical parcellation of the brain into different regions of interest
(ROIs), coded by color; and (c) a connectivity matrix generate using data in (a) and (b).
We further extend GATE to relate human phenotypes with brain structural connectivity, which
we refer to as regression with GATE (reGATE). reGATE is a supervised embedding method
that simultaneously learns the population distribution, graph representations and a predictive
model, avoiding training two separate objective functions. We highlight that the resulting graph
representations in reGATE are more interpretable in the sense that a linear relationship between
the individual-specific features zi and a human trait is characterized. reGATE can simulate high
dimensional brain graphs with desired human trait information. This is advantageous particularly
in learning how graph connectivity varies with the human trait of interest.
We remark that few attempts have been made to integrate regression models into the VAE
framework. The typical strategy applies unsupervised VAE as a first stage, and then uses the
resulting features in a regression; see [29] as an example. [30] and [31] directly build the regression
on the original data without employing low dimensional features, and hence are infeasible in high
dimensional cases.
The paper is organized as follows. In Section 2 we introduce background on the latent space
model, and describe our proposed GATE approach. In Section 3 we develop supervised reGATE.
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Section 4 contains a simulation study showing advantages of GATE and reGATE relative to
competitors. In Section 5 we apply GATE and reGATE to human brain network data from the
Human Connectome Project (HCP).
2 The Graph Auto-Encoder Model
Denote the brain network data from subject i (i = 1 . . . , n) as Gi = (V, Ei) with V = (1, . . . , V )
representing a set of nodes (i.e., brain regions) and Ei representing connectivity patterns between
the nodes. In our application, we assume the V are registered across the population, i.e., each node
represents the same brain region across different subjects. We can represent Gi = (V, Ei) as a V ×V
symmetric adjacency matrix Ai, where Ai[uv] is used to denote the connection weight between nodes
u and v, and Ai[uu] = 0 since we do not consider self-relationships. We consider the fiber count
feature for Ai[uv], which will be 0 or a positive integer. For notation simplicity, we will also use
L(Ai) = (Ai[21], Ai[31], · · · , Ai[V 1], Ai[32], . . . , Ai[V 2], . . . , Ai[V (V−1)])
to denote the lower triangular elements of matrix Ai. In addition to G, we also observe covariate yi
for each subject, measuring cognition or other traits.
2.1 Latent space model for replicated graphs
Latent space models [14] provide a probabilistic framework that assumes the edges in the networks
are conditionally independent given their corresponding edge probabilities, with these probabilities
defined as a function of pairwise distances between the nodes in a latent space. Latent space models
can flexibly characterize variability across individuals in brain connectivity, while accommodating the
complexity of network structures within each individual. Borrowing the conditional independence
idea of latent space models, we assume that the connection strengths between brain regions are
conditionally independent Poisson variables, given a subject-specific Poisson rate vector λi =
{λi1, · · · , λiV (V−1)/2}>,
Ai`|λi` ∼ Poisson
(
λil
)
, (2.1)
independently for each pair ` = 1, · · · , V (V − 1)/2 and i = 1, · · · , n. We assume log(λil) has the
following factorization form:
log(λil) =γ` + ψ
(i)
` , (2.2)
ψ
(i)
` =
R∑
r=1
αrX
(i)
urX
(i)
vr , for ` = [uv], (2.3)
and X(i)r =(X
(i)
1r , · · · , X(i)V r)>. (2.4)
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As shown in (2.2), log(λil) is decomposed into two parts: a baseline parameter γ` controlling
connection strength between the `th pair of brain regions, representing shared structure across
individuals, and an individual deviation ψ
(i)
` . Taking into account symmetry constraints and
excluding the diagonal elements, there are V (V − 1)/2 unknown {λil} for each subject, leading to a
daunting dimensionality problem. To reduce dimensionality, [15] proposed to use a SVD-type latent
factorization, as shown in (2.3), where r = 1, . . . , R indexes the different latent dimensions, αr > 0
is a weight on the importance of the dimension r, and X
(i)
ur is the rth latent factor specific to brain
region u and subject i. According to (2.3-2.4), if X
(i)
ur and X
(i)
vr have the same sign and neither are
close to zero, we have X
(i)
urX
(i)
vr > 0 and there will be a positive increment on ψ
(i)
` and hence on the
expectation of the connection strength for the ` = (u, v) connection of subject i.
For replicated graphs, we face many challenges in learning the latent representations using
existing latent space models: (1) Non-linearity: graph data are generally non-Euclidean with
complicated structures. Designing a model to efficiently capture the non-linear structure is difficult.
(2) Sparsity: brain regions are not fully connected, especially the structural brain networks considered
in this paper. (3) Speed: existing latent space approaches often rely on Markov chain Monte Carlo
sampling, which is computationally intensive for high dimensional graphs. It is desirable to develop
a fast “nonlinear” factorization model for large scale neuroimaging data analysis. To address these
challenges, we propose an autoencoder-based approach called Graph Autoencoder (GATE), from
which we model the latent coordinates X
(i)
u as a nonlinear function of a lower-dimensional vector zi,
which serves as a low-dimensional representation of Ai.
2.2 The Graph AutoEncoder (GATE) Model
GATE relies on the variational autoencoder (VAE) which is a popular technique for non-linear
dimension reduction. In studying replicated graphs, a VAE usually consists of two components.
The first component is a generative model that specifies how the latent variables zi give rise to
the observations Ai through a nonlinear mapping, parametrized by neural networks. The second
component is an inference model that learns the inverse mapping from Ai to zi. In the following
context, we frame our proposed Graph Autoencoder (GATE) method using the same terminology
as in the VAE literature.
2.2.1 Generative model
Denote zi ∈ RK as a low-dimensional latent representation of the graph Ai. For each subject i, we
assume Ai` for ` = 1, ..., V (V − 1)/2 are conditionally independent given the latent representation
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zi. Therefore, the likelihood of L(Ai) is
pθ(L(Ai) = ai|zi) =
V (V−1)/2∏
`=1
pθ(Ai` = ai`|zi). (2.5)
pθ(Ai`|zi) is a generative model for the weighted adjacency matrix Ai given the latent zi with
zi ∼ p(z). We define p(z) = N(0, Ik), representing all observed connectomes in the same Gaussian
latent space; we learn the mapping from the Gaussian latent space to the complex observation
distribution by a complicated function via a deep neural network equipped with parameters θ.
Specifically, we assume the observations Ai` arise from the following generative process:
zi ∼ N(0, IK),
Ai`|zi ∼ Poisson
(
λil(zi)
)
, (2.6)
where ` = [uv] indexes the connection between the u-th and v-th brain regions, and the Poisson
rate parameter λi`(zi) is modeled as a nonlinear function of zi according to:
λi`(zi) = exp(γ` + ψ`(zi)), (2.7)
ψ`(zi) =
R∑
r=1
αrXur(zi)Xvr(zi), for ` = [uv], (2.8)
Xr(zi) =(X1r(zi), · · · , XV r(zi))> = gr(zi), (2.9)
where gr(·) : RK → RV is a nonlinear mapping from zi to the rth latent factor of the brain regions
Xr, parameterized by deep neural networks with parameters θ for r = 1, · · · , R.
When the elements Ai` ∈ {0, 1} are binary instead of counts, we instead let
Ai`|zi ∼ Binomial
(
λil(zi)
)
, with λil(zi) =
eγ`+ψ`(zi)
1 + eγ`+ψ`(zi)
, (2.10)
and ψ`(zi) following the same factorization as in equations (2.8)-(2.9).
Denote X(zi) = (X1(zi), . . . , XR(zi)) ∈ RV×R. The u-th row
(
Xu1(zi), . . . , XuR(zi)
)
represents
the latent features of the region u ∈ V. A relatively large positive value for the cross product
between the u-th and v-th rows implies a relatively high connection strength between these brain
regions. Each column Xr(zi) can be considered as an “image” with each region as an irregular pixel;
and we have R such “images” for each individual. Convolutional neural networks are highly effective
architectures in image and audio recognition tasks [21] [22] [23], thanks to their ability to exploit
the local translational invariance structures over their domain. Considering the unique features
of the brain connectome networks, we aim to generalize the CNN and define appropriate graph
convolutions to learn the nonlinear mapping {gr(·)} via exploiting the local collaborative pattern.
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We leverage the intrinsic locality of structural brain networks, and propose a novel graph
convolutional network (GCN) to learn each region’s representation by propagating node-specific
k-nearest neighbor information. The intrinsic locality here refers to the relative distance between
brain regions measured through the length of white matter fiber tracts connecting them. We extract
this information from brain imaging tractography and store it in a matrix B ∈ RV×V , where Buv
is the averaged length of fiber tracts between region u and v, Buv = Bvu, Buu = 0, and we set
Buv =∞ if there are no fibers between them. For each region u, we define its k-nearest neighbors
(k-NN(u)) as the k ROIs closest to u according to our notion of distance, and denote the region
itself as its 0-NN.
To learn the r-latent coordinate gr(zi) for subject i, we define an M -layer GCN as follows:
X(i,1)r =h1(W
(r,1)zi + b1), (2.11)
X(i,m)r =hm(W
(r,m)X(i,m−1)r + bm) for 2 ≤ m ≤M, (2.12)
where X
(i,m)
r denotes the output of the m-th layer of the convolutional neural network, hm(·) is
an activation function for the mth layer, and W (r,m) is the weight matrix that characterizes the
convolutional operator at this layer. We denote the parameters bm, W
(r,m), together with γ`, αr
in (2.7-2.8) (m = 1, . . . ,M, r = 1, . . . , R, ` = 1, . . . , V (V − 1)/2)) as the model parameter θ. The
activation functions {hm(·)} can be chosen from the following candidates based on the performance:
(1) rectified linear unit (ReLU) function, which is widely used [32] in deep neural networks, with the
definition as ReLU(x) = max(0, x), where the max operation is applied element-wise; (2) Sigmoid
function defined as hm(x) =
1
1+e−x ∈ (0, 1) ; (3) linear or identity function hm(x) = ax with a 6= 0.
For m = 1, W (r,1) ∈ RV×K maps the latent representation zi ∈ RK to the latent space
X
(i,1)
r ∈ RV×1; for m ≥ 2, W (r,m) is a V × V weight matrix with the u-th row w(r,m)u· satisfying
w
(r,m)
uv > 0 if v = u or v ∈ kr-NN(u), and = 0 otherwise. (2.12) implies that the embedding feature
of each region at the m-th layer is determined by the weighted sum of itself and its nearest neighbor
regions at the (m− 1)-th layer; and the related weights aim to characterize the region-specific local
connectivity. For r = 1, · · · , R, we can choose different values of k to define its ku-NN to fully
explore the possible collaboration patten among brain regions.
Figure 2 shows how a three-layer GCN learns Xr(zi) via a 2-NN GCN. First, we initialize the
latent feature for each region as x
(i,1)
ur based on (2.11). Then, we construct a “graph” based on the
fiber length in B: each region is assigned to connect with 2 nearest neighbors at most according to
its connection strength (fiber length) to other brain regions. Note that if a region u has less than
k = 2 direct neighbors, we will include all the regions v satisfying Buv ∈ (0,∞) as its neighbors.
This information is reflected in W (i,m), whose rows only contain at most 3 non-zero elements (one
at the diagonal and two off the diagonal). Next, we update the latent feature of each region in the
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next layer based on a sum of reweighted features from its 2 nearest neighbors and itself.
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Figure 2: Illustrative example of three-layer GCN architecture with 2-NN filters. For example, for node 1,
the 2-NN is node 2 and node 3. x
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2.2.2 Variational Inference and the GATE Learning
To train and evaluate the deep generative model in (2.6), we are interested in estimating θ, the
parameters characterizing the mapping from zi to Ail, and pθ(zi|Ai), the posterior distribution of
the latent variable. By applying Bayes rule, we have the posterior as
pθ(zi|Ai) = pθ(Ai|zi)p(zi)
pθ(Ai)
.
Since the likelihood function pθ(Ai|zi) is parameterized via the neural network with non-linear
transformations, both the marginal distribution pθ(Ai) and the posterior probability distribution
pθ(zi|Ai) are intractable. Hence, we resort to variational inference (VI) ([33], [34]), a widely-used
tool for approximating intractable posterior distributions. VI provides an alternative strategy
to Markov chain Monte Carlo (MCMC) sampling by replacing sampling with an optimization
problem. VI seeks a simple distribution qφ(zi|Ai) parameterized by φ from a variational family,
e.g., a Gaussian distribution family, that best approximates pθ(zi|Ai). We call such qφ(zi|Ai) as
the probabilistic encoder, which maps the input Ai to a low dimensional latent representation
zi. The approximated posterior qφ(zi|Ai) should be close to pθ(zi|Ai). We use Kullback-Leibler
(KL) divergence to quantify the distance between these two distributions, which is defined as
DKL(Q||P ) = Ez∼Q log Q(z)P (z) , measuring how much information is lost if the distribution Q is used
to represent P .
Here we set qφ(zi|Ai) to be a fully factorized (diagonal) Gaussian distribution with mean
µφ(Ai) and covariance diag{σ2φ(Ai)}, with deep neural networks designed to learn the parameter φ.
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Particularly, we learn µφ and σ
2
φ via
µφ(Ai) =ϕN,µ[WN,µϕN−1,µ{WN−1,µ · · ·ϕ1,µ(W1,µAi + b1µ) + bN−1,µ}+ bN,µ], (2.13)
diag{σ2φ(Ai)} =diag
{
ϕN,σ[WN,σϕN−1,σ{WN−1,σ · · ·ϕ1,σ(W1,σAi + b1σ) + bN−1,σ}+ bN,σ]
}
,
where bi,µ,Wi,µ, bi,σ,Wi,σ for i = 1, . . . , N are weights within the deep neural networks, N is the
number of layers that determine the models learning capacity, and {ϕi,µ} and {ϕi,σ} are activation
functions that will be specified later. We denote these weights and activation functions together as
the parameter φ.
We aim to maximize the log-likelihood of generating data, i.e., log pθ(Ai), and also minimize the
difference between the true posterior pθ(zi|Ai) and approximated posterior distribution qφ(zi|Ai).
Note that
DKL(qφ(zi|Ai)||pθ(zi|Ai)) =
∫
qφ(zi|Ai) log qφ(zi|Ai)
pθ(zi|Ai)dzi =
∫
qφ(zi|Ai) log qφ(zi|Ai)pθ(Ai)
pθ(Ai|zi)pθ(zi) dzi
= log pθ(Ai) +DKL(qφ(zi|Ai)||pθ(zi))− Eqφ(zi|Ai)
(
log pθ(Ai|zi)
)
.
Then we have
log pθ(Ai)−DKL(qφ(zi|Ai)||pθ(zi|Ai))
= Eqφ(zi|Ai)[log pθ(Ai|zi)]−DKL(qφ(zi|Ai)||pθ(zi)) := −L(Ai; θ, φ). (2.14)
Since DKL(qφ(zi|Ai)||pθ(zi|Ai)) is nonnegative, −L(Ai; θ, φ) is a lower bound on the marginal log-
likelihood, referred to as the evidence lower bound (ELBO), which is a function of both θ and φ.
Therefore, the training objective is minimizing the negative of the ELBO, i.e., minimizing
L(Ai; θ, φ) = −Eqφ(zi|Ai)[log pθ(Ai|zi)] +DKL(qφ(zi|Ai)||p(zi)). (2.15)
L(Ai; θ, φ) consists of two parts: the first term is the reconstruction error, that measures how well
the model can reconstruct Ai; while the second term, defined as the KL divergence between the
approximate posterior from the prior, is a regularizer that pushes qφ(zi|Ai) to be as close as possible
to its prior N(0, 1) so that we can sample it easily.
However, the expectation in the ELBO is intractable. To address this, we employ Monte Carlo
variational inference [19] by approximating the troublesome expectation with samples of the latent
variables from the variational distribution zi ∼ qφ(zi|Ai). Particularly, we form the Monte Carlo
estimates of the expectation as
Eqφ(zi|Ai)[log pθ(Ai|zi)] '
1
L
L∑
`=1
log pθ(Ai|z`i ),
10
Graph CNN
Inference Network Generative Network
⌃ (Ai)
<latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQ vEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC 93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLF fbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9Li wUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wt dmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp 569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FMtkTIzFAO43ozl5j6TG XaW6OFg=">AAAB+3icbVBNS8NAEJ3Ur1qrRq8iLBahXkriRY+KF48V7Qc0IWw2m3bpZhN2N0IJPXnxr3jxoI j/w5v/xk3bg7Y+WObx3gw788KMM6Ud59uqrK1vbG5Vt2s79d29ffug3lVpLgntkJSnsh9iRTkTtKOZ5rSfS YqTkNNeOL4p/d4jlYql4kFPMuoneChYzAjWRgrsY++eDRMceNmINb0w5ZGaJKYU19OAnQV2w2k5M6BV4i5IA xZoB/aXF6UkT6jQhGOlBq6Tab/AUjPC6bTm5YpmmIzxkA4MFTihyi9mZ0zRqVEiFKfSPKHRTP09UeBElduZ zgTrkVr2SvE/b5Dr+NIvmMhyTQWZfxTnHOkUlZmgiElKNJ8YgolkZldERlhiok1yNROCu3zyKumet1yn5d4 5UIUjOIEmuHABV3ALbegAgSd4gTd4t56tV+tjHlfFWuR2CH9gff4AsfeXig==</latexit><latexit sha1_base64="FMtkTIzFAO43ozl5j6TG XaW6OFg=">AAAB+3icbVBNS8NAEJ3Ur1qrRq8iLBahXkriRY+KF48V7Qc0IWw2m3bpZhN2N0IJPXnxr3jxoI j/w5v/xk3bg7Y+WObx3gw788KMM6Ud59uqrK1vbG5Vt2s79d29ffug3lVpLgntkJSnsh9iRTkTtKOZ5rSfS YqTkNNeOL4p/d4jlYql4kFPMuoneChYzAjWRgrsY++eDRMceNmINb0w5ZGaJKYU19OAnQV2w2k5M6BV4i5IA xZoB/aXF6UkT6jQhGOlBq6Tab/AUjPC6bTm5YpmmIzxkA4MFTihyi9mZ0zRqVEiFKfSPKHRTP09UeBElduZ zgTrkVr2SvE/b5Dr+NIvmMhyTQWZfxTnHOkUlZmgiElKNJ8YgolkZldERlhiok1yNROCu3zyKumet1yn5d4 5UIUjOIEmuHABV3ALbegAgSd4gTd4t56tV+tjHlfFWuR2CH9gff4AsfeXig==</latexit><latexit sha1_base64="Od9bQeQNJ7jnNY2TjxCb jAeZJm4=">AAACBnicbVC7TsMwFHV4lvIKMCIkiwqpLFXCAmOBhbEI+pCaKHIcp7Xq2JHtIFVRJxZ+hYUBhF j5Bjb+BqfNAC1Hsnx0zr26954wZVRpx/m2lpZXVtfWKxvVza3tnV17b7+jRCYxaWPBhOyFSBFGOWlrqhnpp ZKgJGSkG46uC7/7QKSigt/rcUr8BA04jSlG2kiBfeTd0UGCAi8d0roXChapcWK+/HIS0NPArjkNZwq4SNyS1 ECJVmB/eZHAWUK4xgwp1XedVPs5kppiRiZVL1MkRXiEBqRvKEcJUX4+PWMCT4wSwVhI87iGU/V3R44SVWxn KhOkh2reK8T/vH6m4ws/pzzNNOF4NijOGNQCFpnAiEqCNRsbgrCkZleIh0girE1yVROCO3/yIumcNVyn4d4 6teZVGUcFHIJjUAcuOAdNcANaoA0weATP4BW8WU/Wi/VufcxKl6yy5wD8gfX5A0P9mPc=</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit><latexit sha1_base64="xD73b3PRMRjNabSu7ote QXkSk+Y=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5KIoMuqG5cV7QOaECbTSTt0HmFmIpTQlRt/xY0LRd z6De78GydtFtp6YJjDOfdy7z1RQonSrvttlZaWV1bXyuuVjc2t7R17d6+tRCoRbiFBhexGUGFKOG5poinuJ hJDFlHciUbXud95wFIRwe/1OMEBgwNOYoKgNlJoH/p3ZMBg6CdDUvMjQftqzMyXXU5CchLaVbfuTuEsEq8gV VCgGdpffl+glGGuEYVK9Tw30UEGpSaI4knFTxVOIBrBAe4ZyiHDKsimZ0ycY6P0nVhI87h2purvjgwylW9n KhnUQzXv5eJ/Xi/V8UWQEZ6kGnM0GxSn1NHCyTNx+kRipOnYEIgkMbs6aAglRNokVzEhePMnL5L2ad1z697 tWbVxVcRRBgfgCNSAB85BA9yAJmgBBB7BM3gFb9aT9WK9Wx+z0pJV9OyDP7A+fwBFPZj7</latexit>
µ (Ai)
<latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMX yw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ +zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr 4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5o Ykv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77od Bu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="9Scm6gksXpmExCq/XrZRcA2dl cI=">AAAB+HicbVBNSwMxEJ2tX7VWXT3qJViEeim7XvSoePFYwbZCd1my2bQNTTZLkhXKUvDiX/HiQRF/iTf/jdm2B21 9EObx3gyZeXHGmTae9+1U1tY3Nreq27Wd+u7evntQ72qZK0I7RHKpHmKsKWcp7RhmOH3IFMUi5rQXj29Kv/dIlWYyvTe TjIYCD1M2YAQbK0XuUSDyKMhGrBnEkid6ImwprqcRO4vchtfyZkCrxF+QBizQjtyvIJEkFzQ1hGOt+76XmbDAyjDC6bQW 5JpmmIzxkPYtTbGgOixmN0zRqVUSNJDKvtSgmfp7osBCl9vZToHNSC97pfif18/N4DIsWJrlhqZk/tEg58hIVAaCEqYo MXxiCSaK2V0RGWGFibGx1WwI/vLJq6R73vK9ln/nQRWO4QSa4MMFXMEttKEDBJ7gBd7g3Xl2Xp2PeVwVZ5HbIfyB8/kD lxuWYA==</latexit><latexit sha1_base64="9Scm6gksXpmExCq/XrZRcA2dl cI=">AAAB+HicbVBNSwMxEJ2tX7VWXT3qJViEeim7XvSoePFYwbZCd1my2bQNTTZLkhXKUvDiX/HiQRF/iTf/jdm2B21 9EObx3gyZeXHGmTae9+1U1tY3Nreq27Wd+u7evntQ72qZK0I7RHKpHmKsKWcp7RhmOH3IFMUi5rQXj29Kv/dIlWYyvTe TjIYCD1M2YAQbK0XuUSDyKMhGrBnEkid6ImwprqcRO4vchtfyZkCrxF+QBizQjtyvIJEkFzQ1hGOt+76XmbDAyjDC6bQW 5JpmmIzxkPYtTbGgOixmN0zRqVUSNJDKvtSgmfp7osBCl9vZToHNSC97pfif18/N4DIsWJrlhqZk/tEg58hIVAaCEqYo MXxiCSaK2V0RGWGFibGx1WwI/vLJq6R73vK9ln/nQRWO4QSa4MMFXMEttKEDBJ7gBd7g3Xl2Xp2PeVwVZ5HbIfyB8/kD lxuWYA==</latexit><latexit sha1_base64="i7Yj7iFlPQTMDtBcL9YW3Jhzj tY=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyVxo8uqG5cV7AOaECaTSTt0HmFmIpRQcOOvuHGhiFt/wp1/46TNQls PDHM4517uvSdKKVHadb+tysrq2vpGdbO2tb2zu2fvH3SVyCTCHSSokP0IKkwJxx1NNMX9VGLIIop70fim8HsPWCoi+L2 epDhgcMhJQhDURgrtI59loZ+OSMOPBI3VhJkvv5qG5Cy0627TncFZJl5J6qBEO7S//FigjGGuEYVKDTw31UEOpSaI4mnN zxROIRrDIR4YyiHDKshnN0ydU6PETiKkeVw7M/V3Rw6ZKrYzlQzqkVr0CvE/b5Dp5DLICU8zjTmaD0oy6mjhFIE4MZEY aToxBCJJzK4OGkEJkTax1UwI3uLJy6R73vTcpnfn1lvXZRxVcAxOQAN44AK0wC1ogw5A4BE8g1fwZj1ZL9a79TEvrVhl zyH4A+vzBxy8l8o=</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMX yw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ +zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr 4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5o Ykv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77od Bu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="9Scm6gksXpmExCq/XrZRcA2dl cI=">AAAB+HicbVBNSwMxEJ2tX7VWXT3qJViEeim7XvSoePFYwbZCd1my2bQNTTZLkhXKUvDiX/HiQRF/iTf/jdm2B21 9EObx3gyZeXHGmTae9+1U1tY3Nreq27Wd+u7evntQ72qZK0I7RHKpHmKsKWcp7RhmOH3IFMUi5rQXj29Kv/dIlWYyvTe TjIYCD1M2YAQbK0XuUSDyKMhGrBnEkid6ImwprqcRO4vchtfyZkCrxF+QBizQjtyvIJEkFzQ1hGOt+76XmbDAyjDC6bQW 5JpmmIzxkPYtTbGgOixmN0zRqVUSNJDKvtSgmfp7osBCl9vZToHNSC97pfif18/N4DIsWJrlhqZk/tEg58hIVAaCEqYo MXxiCSaK2V0RGWGFibGx1WwI/vLJq6R73vK9ln/nQRWO4QSa4MMFXMEttKEDBJ7gBd7g3Xl2Xp2PeVwVZ5HbIfyB8/kD lxuWYA==</latexit><latexit sha1_base64="9Scm6gksXpmExCq/XrZRcA2dl cI=">AAAB+HicbVBNSwMxEJ2tX7VWXT3qJViEeim7XvSoePFYwbZCd1my2bQNTTZLkhXKUvDiX/HiQRF/iTf/jdm2B21 9EObx3gyZeXHGmTae9+1U1tY3Nreq27Wd+u7evntQ72qZK0I7RHKpHmKsKWcp7RhmOH3IFMUi5rQXj29Kv/dIlWYyvTe TjIYCD1M2YAQbK0XuUSDyKMhGrBnEkid6ImwprqcRO4vchtfyZkCrxF+QBizQjtyvIJEkFzQ1hGOt+76XmbDAyjDC6bQW 5JpmmIzxkPYtTbGgOixmN0zRqVUSNJDKvtSgmfp7osBCl9vZToHNSC97pfif18/N4DIsWJrlhqZk/tEg58hIVAaCEqYo MXxiCSaK2V0RGWGFibGx1WwI/vLJq6R73vK9ln/nQRWO4QSa4MMFXMEttKEDBJ7gBd7g3Xl2Xp2PeVwVZ5HbIfyB8/kD lxuWYA==</latexit><latexit sha1_base64="i7Yj7iFlPQTMDtBcL9YW3Jhzj tY=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyVxo8uqG5cV7AOaECaTSTt0HmFmIpRQcOOvuHGhiFt/wp1/46TNQls PDHM4517uvSdKKVHadb+tysrq2vpGdbO2tb2zu2fvH3SVyCTCHSSokP0IKkwJxx1NNMX9VGLIIop70fim8HsPWCoi+L2 epDhgcMhJQhDURgrtI59loZ+OSMOPBI3VhJkvv5qG5Cy0627TncFZJl5J6qBEO7S//FigjGGuEYVKDTw31UEOpSaI4mnN zxROIRrDIR4YyiHDKshnN0ydU6PETiKkeVw7M/V3Rw6ZKrYzlQzqkVr0CvE/b5Dp5DLICU8zjTmaD0oy6mjhFIE4MZEY aToxBCJJzK4OGkEJkTax1UwI3uLJy6R73vTcpnfn1lvXZRxVcAxOQAN44AK0wC1ogw5A4BE8g1fwZj1ZL9a79TEvrVhl zyH4A+vzBxy8l8o=</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit><latexit sha1_base64="MA5vjC56J7BBLQTMhYvRchYK+ Lk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXVjcsK9gFNCJPJpB06kwkzE6GEght/xY0LRdz6E+78GydtFtp 6YJjDOfdy7z1hyqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HiUxi0saCCdkLkSKMJqStqWakl0qCeMhINxzdFH73gUhFRXK vxynxORokNKYYaSMF9qHHs8BLh7TuhYJFaszNl19NAnoa2DWn4UwBF4lbkhoo0QrsLy8SOOMk0Zghpfquk2o/R1JTzMik 6mWKpAiP0ID0DU0QJ8rPpzdM4IlRIhgLaV6i4VT93ZEjrortTCVHeqjmvUL8z+tnOr70c5qkmSYJng2KMwa1gEUgMKKS YM3GhiAsqdkV4iGSCGsTW9WE4M6fvEg6Zw3Xabh357XmdRlHBRyBY1AHLrgATXALWqANMHgEz+AVvFlP1ov1bn3MSpes sucA/IH1+QMd/JfO</latexit>
Ai
<latexit sha1_base64="5G3x 4B8erpivvoABt/XzxU6bG+0=">AAAB6nicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfH jU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM 0nQj+hQ8pAzaqz0cN3n/XLFrbpzkFXi5aQCORr98ldvELM0Qmm YoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2 VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUE BOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teve XlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzx zDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x 4B8erpivvoABt/XzxU6bG+0=">AAAB6nicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfH jU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM 0nQj+hQ8pAzaqz0cN3n/XLFrbpzkFXi5aQCORr98ldvELM0Qmm YoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2 VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUE BOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teve XlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzx zDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x 4B8erpivvoABt/XzxU6bG+0=">AAAB6nicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfH jU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM 0nQj+hQ8pAzaqz0cN3n/XLFrbpzkFXi5aQCORr98ldvELM0Qmm YoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2 VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUE BOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teve XlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzx zDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x 4B8erpivvoABt/XzxU6bG+0=">AAAB6nicbVBNS8NAEJ3Ur1q/q h69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfH jU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM 0nQj+hQ8pAzaqz0cN3n/XLFrbpzkFXi5aQCORr98ldvELM0Qmm YoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2 VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUE BOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teve XlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzx zDHzifPwzGjaE=</latexit>
"i
<latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="hP+6 LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86V q1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC9 3vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2 fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrM Mr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEF BUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394 uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJN ChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEE IN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</late xit><latexit sha1_base64="fson ckNBS+0420w4HwWxZ4deXoQ=">AAAB6XicbZBLSwMxFIXv1FetV atbN8EiuCozbnQpuHFZwT6gHUomvdOG5jEmmUIZ+jvcuFDEP+T Of2P6WKj1QODjnIR7c5JMcOvC8CsobW3v7O6V9ysH1cOj49pJtW 11bhi2mBbadBNqUXCFLcedwG5mkMpEYCeZ3C3yzhSN5Vo9ulmGs aQjxVPOqPNW3J9Sg5nlQqsBH9TqYSNcimxCtIY6rNUc1D77Q81 yicoxQa3tRWHm4oIax5nAeaWfW8wom9AR9jwqKtHGxXLpObnwzp Ck2vijHFm6P18UVFo7k4m/Kakb27/Zwvwv6+UuvYkLrrLcoWKrQ WkuiNNk0QAZcoPMiZkHygz3uxI2poYy53uq+BKiv1/ehPZVIwo b0UMIZTiDc7iECK7hFu6hCS1g8ATP8ApvwTR4Cd5XdZWCdW+n8E vBxzfuopEE</latexit><latexit sha1_base64="fson ckNBS+0420w4HwWxZ4deXoQ=">AAAB6XicbZBLSwMxFIXv1FetV atbN8EiuCozbnQpuHFZwT6gHUomvdOG5jEmmUIZ+jvcuFDEP+T Of2P6WKj1QODjnIR7c5JMcOvC8CsobW3v7O6V9ysH1cOj49pJtW 11bhi2mBbadBNqUXCFLcedwG5mkMpEYCeZ3C3yzhSN5Vo9ulmGs aQjxVPOqPNW3J9Sg5nlQqsBH9TqYSNcimxCtIY6rNUc1D77Q81 yicoxQa3tRWHm4oIax5nAeaWfW8wom9AR9jwqKtHGxXLpObnwzp Ck2vijHFm6P18UVFo7k4m/Kakb27/Zwvwv6+UuvYkLrrLcoWKrQ WkuiNNk0QAZcoPMiZkHygz3uxI2poYy53uq+BKiv1/ehPZVIwo b0UMIZTiDc7iECK7hFu6hCS1g8ATP8ApvwTR4Cd5XdZWCdW+n8E vBxzfuopEE</latexit><latexit sha1_base64="YWh3 J5sdNa+o9QmQOiDc1IA6DhQ=">AAAB9HicbVA9SwNBEJ2LXzF+R S1tFoNgFe5stAzaWEYwH5AcYW8zlyzZ2z139wIh5HfYWChi64+ x89+4Sa7QxAcDj/dmmJkXpYIb6/vfXmFjc2t7p7hb2ts/ODwqH5 80jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYikZ3c781Rm24ko92k mKY0IHkMWfUOinsjqnG1HChZI/3yhW/6i9A1kmQkwrkqPfKX92 +YlmC0jJBjekEfmrDKdWWM4GzUjczmFI2ogPsOCppgiacLo6ekQ un9EmstCtpyUL9PTGliTGTJHKdCbVDs+rNxf+8Tmbjm3DKZZpZl Gy5KM4EsYrMEyB9rpFZMXGEMs3drYQNqabMupxKLoRg9eV10ry qBn41ePArtds8jiKcwTlcQgDXUIN7qEMDGDzBM7zCmzf2Xrx372 PZWvDymVP4A+/zBztckl8=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit><latexit sha1_base64="GpT+ Uhu2FhwSbv0INElWttDb/6E=">AAAB9HicbVDLSgNBEOz1GeMr6 tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJkdmadmQ2EkO/w4kERr36 MN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR 03jMo0wzpTQulWRA0KLrFuuRXYSjXSJBLYjIZ3M785Qm24ko92n GKY0L7kMWfUOinsjKjG1HChZJd3S2W/4s9BVkmQkzLkqHVLX52 eYlmC0jJBjWkHfmrDCdWWM4HTYiczmFI2pH1sOyppgiaczI+ekn On9EistCtpyVz9PTGhiTHjJHKdCbUDs+zNxP+8dmbjm3DCZZpZl GyxKM4EsYrMEiA9rpFZMXaEMs3drYQNqKbMupyKLoRg+eVV0ri sBH4leLgqV2/zOApwCmdwAQFcQxXuoQZ1YPAEz/AKb97Ie/HevY 9F65qXz5zAH3ifPzyckmM=</latexit>
zi
<latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=" >AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUB N9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IV xDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiW lt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2su qp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="3Ru03YWkRBmeSuz3Os52OmYZnpA=" >AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOyom2FdiiZ9E4bmskMyR2hDn0ENy4U8a3c+TamPwttPRD4OCch954oU9KS7 397pY3Nre2d8m5lr7p/cFg7qrZtmhuBLZGq1DxG3KKSGlskSeFjZpAnkcJONL6Z5Z0nNFam+oEmGYYJH2oZS8HJWffPfdmv1f2GPx dbh2AJdViq2a999QapyBPUJBS3thv4GYUFNySFwmmll1vMuBjzIXYdap6gDYv5qFN25pwBi1PjjiY2d3+/KHhi7SSJ3M2E08iuZjP zv6ybU3wVFlJnOaEWi4/iXDFK2WxvNpAGBamJAy6MdLMyMeKGC3LtVFwJwerK69C+aAR+I7jzoQwncArnEMAlXMMtNKEFAobwAm/w7 inv1ftY1FXylr0dwx95nz9FyIyF</latexit><latexit sha1_base64="3Ru03YWkRBmeSuz3Os52OmYZnpA=" >AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOyom2FdiiZ9E4bmskMyR2hDn0ENy4U8a3c+TamPwttPRD4OCch954oU9KS7 397pY3Nre2d8m5lr7p/cFg7qrZtmhuBLZGq1DxG3KKSGlskSeFjZpAnkcJONL6Z5Z0nNFam+oEmGYYJH2oZS8HJWffPfdmv1f2GPx dbh2AJdViq2a999QapyBPUJBS3thv4GYUFNySFwmmll1vMuBjzIXYdap6gDYv5qFN25pwBi1PjjiY2d3+/KHhi7SSJ3M2E08iuZjP zv6ybU3wVFlJnOaEWi4/iXDFK2WxvNpAGBamJAy6MdLMyMeKGC3LtVFwJwerK69C+aAR+I7jzoQwncArnEMAlXMMtNKEFAobwAm/w7 inv1ftY1FXylr0dwx95nz9FyIyF</latexit><latexit sha1_base64="4coL7cFGgMpu1tQrNOLGHC8fYdU=" >AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hGjBRJoyHbZwobtttmdmmDDT/DiQWO8+ou8+W9coAcFXzLJy3szmZkXplIYd N1vp7S2vrG5Vd6u7Ozu7R9UD49aJsk04z5LZKI7ITVcCsV9FCh5J9WcxqHk7XB8M/Pbj1wbkagHnKQ8iOlQiUgwila6f+qLfrXm1t 05yCrxClKDAs1+9as3SFgWc4VMUmO6nptikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4Msv eTPzP62YYXQW5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surpHVR99y6d+fWGtdFHGU4gVM4Bw8uoQG30AQfG AzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AGJcjdY=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit><latexit sha1_base64="XgzysDJeASVhmdZgFvNfKHcck3U=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2Ocjdo=</latexit> X(i)
<latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZD NSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilz l5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRx zzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3A HD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bOAyqe5c9tBt7K8sv1fGJCxK3No=">AAAB43icbZB LSwMxFIXv1FetVatbN8Ei1E2ZcaNLwY3LCvYB7Vgy6W0bmskMyR2hDP0Rblwo4n9y578xfSy09UDg45yE3HuiVElLvv/tFba2d3b3ivulg/Lh0XHlpNyySWYENkW iEtOJuEUlNTZJksJOapDHkcJ2NLmb5+1nNFYm+pGmKYYxH2k5lIKTs9qdp7wmL2f9StWv+wuxTQhWUIWVGv3KV2+QiCxGTUJxa7uBn1KYc0NSKJyVepnFlIsJH2H XoeYx2jBfjDtjF84ZsGFi3NHEFu7vFzmPrZ3GkbsZcxrb9Wxu/pd1MxrehLnUaUaoxfKjYaYYJWy+OxtIg4LU1AEXRrpZmRhzwwW5hkquhGB95U1oXdUDvx48+FC EMziHGgRwDbdwDw1ogoAJvMAbvHup9+p9LOsqeKveTuGPvM8fj3qNzw==</latexit><latexit sha1_base64="bOAyqe5c9tBt7K8sv1fGJCxK3No=">AAAB43icbZB LSwMxFIXv1FetVatbN8Ei1E2ZcaNLwY3LCvYB7Vgy6W0bmskMyR2hDP0Rblwo4n9y578xfSy09UDg45yE3HuiVElLvv/tFba2d3b3ivulg/Lh0XHlpNyySWYENkW iEtOJuEUlNTZJksJOapDHkcJ2NLmb5+1nNFYm+pGmKYYxH2k5lIKTs9qdp7wmL2f9StWv+wuxTQhWUIWVGv3KV2+QiCxGTUJxa7uBn1KYc0NSKJyVepnFlIsJH2H XoeYx2jBfjDtjF84ZsGFi3NHEFu7vFzmPrZ3GkbsZcxrb9Wxu/pd1MxrehLnUaUaoxfKjYaYYJWy+OxtIg4LU1AEXRrpZmRhzwwW5hkquhGB95U1oXdUDvx48+FC EMziHGgRwDbdwDw1ogoAJvMAbvHup9+p9LOsqeKveTuGPvM8fj3qNzw==</latexit><latexit sha1_base64="38WJC8lI+M5MsslwJLCXmBSOKoc=">AAAB7nicbVA 9SwNBEJ2LXzF+RS1tFoMQm3BnE8ugjWUE8wHJGfY2e8mSvb1jd04IR36EjYUitv4eO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95 isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVOt3HrCouZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3 oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne/ erTRu8jiKcAbnUAUP6tCAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AG5sI8k</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit><latexit sha1_base64="9sxopuycW5tLD966TDiJZFolr7w=">AAAB7nicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYth ksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu/OYVfn5tF+uuDV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjE dYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0nroua5Ne/ +slK/yeMowgmcQhU8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+68I8o</latexit>
Ai
<latexit sha1_base64="5G3x4B8erpivvoABt/XzxU6bG+0=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN3n/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x4B8erpivvoABt/XzxU6bG+0=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN3n/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x4B8erpivvoABt/XzxU6bG+0=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN3n/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwzGjaE=</latexit><latexit sha1_base64="5G3x4B8erpivvoABt/XzxU6bG+0=" >AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiuj et+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN3n/XLFrb pzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe 9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwzGjaE=</latexit>
Figure 3: A taxonomy of GATE. The dashed line with an arrow denotes a sampling operation.
where z`i is sampled with the reparametrization trick: sampling ε
`
i ∼ N(0, IK) and reparametrizing
z`i = µφ(Ai) + ε
`
i  Σφ(Ai), where Σφ(Ai) = diag{σ2φ(Ai)}. Simple calculation shows that the
KL-divergence DKL(qφ(zi|Ai)||p(zi)) = 12
∑K
k=1
(
µ2k + σ
2
k − 1− log(σ2k)
)
, where µk and σk are the
k-th element of µφ(Ai) and Σφ(Ai) respectively. Therefore, the ELBO in (2.15) can be approximated
as
L(Ai; θ, φ) ' L˜(Ai; θ, φ) = − 1
L
L∑
`=1
log pθ(Ai|z`i ) +
1
2
K∑
k=1
(
µ2k + σ
2
k − 1− log(σ2k)
)
,
which are differentiable with respect to θ and φ. Then, given n observed networks, we can construct
an estimator of the ELBO of the full dataset, based on the minibatches nm
∑m
i=1 L˜(A(i); θ, φ), where
{A(i)}mi=1 is a randomly drawn sample of size m from the full observed data with sample size n.
Viewing nm
∑m
i=1 L˜(A(i); θ, φ) as the objective, we implement a stochastic variational Bayesian
algorithm to optimize θ and φ, respectively. Figure 3 shows the graphical diagram of the GATE
approach; Algorithm 1 summarizes the GATE training procedure.
3 Regression with GATE and Inference
3.1 Regression GATE for predicting human traits
In addition to finding low-dimensional representations of brain structure networks, we also are
interested in inferring the relationship between brain networks and human traits, such as cognition.
With this goal in mind, we develop a supervised version of GATE referred to as regression GATE
(reGATE). Let yi be the trait of the i-th subject. The joint log likelihood of (Ai, yi) can be expressed
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Input: {Ai}ni=1, {zi}ni=1, geometric matrix B, mini-batch size m, latent space dimension R.
Randomly initialize θ, φ
while not converged do
Sample a batch of {Ai} with size m, denote as A(i) for i = 1, · · · ,m.
for all Ai ∈ Am do
Sample εi ∼ N(0, IR), and compute zi = µφ(Ai) + εi  Σφ(Ai).
Compute the gradients ∇θL˜(A(i); θ, φ) and ∇φL˜(A(i); θ, φ) with zi.
Average the gradients across the batch.
Update θ, φ using gradients of θ, φ.
Return θ, φ.
Table 1: Training GATE model using gradients.
as
log pθ(Ai, yi) = Eqφ(zi|Ai) log
pθ(Ai, zi)pθ(yi|Ai, zi)
pθ(zi|Ai, yi)
= Eqφ(zi|Ai) log
pθ(Ai|zi)pθ(zi)pθ(yi|zi)qφ(zi|Ai)
qφ(zi|Ai)pθ(zi|yi, Ai)
= Eqφ(zi|Ai) log pθ(yi|zi) + Eqφ(zi|Ai) log pθ(Ai|zi)−DKL(qφ(zi|Ai)||pθ(zi))
+DKL(qφ(zi|Ai)||pθ(zi|yi, Ai))
=− L(Ai, yi; θ, φ) +DKL(qφ(zi|Ai)||pθ(zi|yi, Ai)), (3.1)
where we have pθ(yi|Ai, zi) = pθ(yi|zi) since we assume the human trait yi and the brain connectivity
Ai are conditionally independent given the latent representation zi for the i-th subject; see Figure
4 for an illustration of the model. In (3.1), we divide the log-likelihood of (Ai, yi) into two parts:
the ELBO denoted as −L(Ai, yi; θ, φ), and the non-negative KL-divergence between qφ(zi|Ai) and
pθ(zi|yi, Ai). Different from the unsupervised ELBO in (2.14), (3.1) can be considered as a supervised
ELBO with an extra term pθ(yi|zi) that essentially formulates a regression of yi with respect to zi.
Here we consider yi as a continuous random variable, and set pθ(yi|zi) as a univariate Gaussian,
pθ(yi|zi) ∼ N(z>i β + b, σ2), where β, σ2 ∈ θ are parameters that can be learned.
Similar to Section 2.2.2, we form the Monte Carlo estimate of L(Ai, yi; θ, φ) as
L(Ai, yi; θ, φ) ' L˜(Ai, yi; θ, φ) = − 1
L
L∑
`=1
(
log pθ(Ai|z`i )+log pθ(yi|z`i )
)
+
1
2
K∑
k=1
(
µ2k+σ
2
k−1−log(σ2k)
)
,
and estimate θ, φ following the stochastic variational Bayesian Algorithm 1 by replacing L˜(Ai; θ, φ)
with L˜(Ai, yi; θ, φ). Figure 4 shows the flowchart of the reGATE architecture.
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Figure 4: reGATE to predict the human trait. The dashed line with an arrow denotes a sampling
operation.
3.2 Conditional generative model
In addition to prediction of human traits from their brain networks, we are also interested in inferring
the distribution of brain networks given a covariate. For example, if yi measures a person’s memory
ability, we are interested in studying the difference in the distribution of brain networks between
people with good and bad memory skills. More specifically, we are interested in performing inference
of Ai given yi via the generative mechanism inherited from the VAE. To achieve this goal, for each
yi, we need to learn pθ(zi|yi) and pθ(Ai|zi), where the latter is learned via the inference model in
reGATE. Recall pθ(zi) ∼ N(0, IK), and pθ(yi|zi) ∼ N(z>i β + b, σ2). The posterior distribution of zi
given yi has an explicit expression as follows:
p(zi|yi) ∝ p(yi|zi)p(zi)
∝ exp
{
− (yi − z
>
i β − b)2
2σ2
− z
>
i zi
2
}
∝ exp
{
− z
>
i zi + z
>
i ββ
>zi/σ2 − 2z>i β(yi − b)/σ2
2
}
∝ exp
{
− z
>
i (IR + ββ
>/σ2)zi − 2z>i β(yi − b)/σ2
2
}
.
Therefore, we have pθ(zi|yi) ∼ N
(
µz(yi),Σz(yi)
)
, where
µz(yi) = (IR + ββ
>/σ2)−1β(yi − b)/σ2, and Σz(yi) =
(
IR + ββ
>/σ2
)−1
. (3.2)
Then the posterior computation of Ai given a particular yi can be achieved by Gibbs sampling:
update zi from pθ(zi|yi) defined in (3.2), then update Ai from pθ(Ai|zi).
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The latent representation zi is unidentifiable in VAE. The log-likelihood and ELBO are rota-
tionally invariant for zi. For example, letting z˜i = U
>zi, then PU,θ(Ai) = Pθ(Ai) and
DKL(qU,φ(zi|Ai)||pU,θ(zi|Ai)) = DKL(qφ(zi|Ai)||pθ(zi|Ai)),
where U is an orthogonal matrix, qU,φ(·) and pU,θ(·) are defined by replacing zi with z˜i in qφ(·) and
pθ(·). Rotational invariance can be solved by post-processing to rotationally align the zi’s. However,
this would only be necessary if one is attempting to compare zis from different datasets or analyses
of a given dataset. Within an analysis, the main focus is on inference on the relative values of zis,
and these relative values are well defined. In addition, when the focus is on relating brain structure
to human traits or in predicting traits based on brain structure or vice versa, the non-identifiability
issue does not present a problem.
4 Simulation Study
We conduct a simulation study to evaluate the performance of GATE and reGATE in accurately
characterizing replicated networks and predicting human traits. We simulate from four network
structures: sparse networks according to the model in [35], community structures under the model
of [36], small-worldness from the model in [37], and scale free property from the model in [38]. We
simulate 100 networks with V = 68 nodes for each type by sampling their edges from conditional
independent Bernoulli random variables given their corresponding structure-specific edge probability.
Each structure-specific edge probability vector is carefully constructed to assign high probability
to a subset of network configurations characterized by a specific property. Figure 5 displays some
example networks we generated with the four different network structures.
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Figure 5: The edge probability vectors (rearranged in matrix form) from four network structures:
(a) sparse graph, (b) community structure, (c) small world, (d) scale free.
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We first generate yi according to yi = α
>Aiα+ i, where α = (1, · · · , 1︸ ︷︷ ︸
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, 0, · · · , 0)> ∈ R68, and
i ∼ N(0, 1). We then standardize yi, so that it ranges from −1.5 to 2.0. These settings aim to
generate separable yi’s according to the topological structures of Ai. The histograms in Figure 7
clearly demonstrate how yi varies for different network structures. Our goals in this simulation
study include (1) learning the latent representation under both the GATE and reGATE model;
(2) inferring how the network connectivity structure varies with yi; (3) assessing the predictive
performance of the reGATE model.
We train GATE and reGATE to obtain low-dimensional representations zi’s. We then conduct
PCA analysis on the posterior mean of zi|Ai and plot the first two PC scores in R2 colored with its
corresponding y value. We can clearly observe the separation between these four types of networks
in the low-dimensional representation space inferred using both GATE and reGATE model, with
reGATE giving a more separable pattern.
Figure 6: Plot of the first 2 PC scores of the posterior mean of zi|Ai with corresponding yi. Different colors
refer to various values of y. (a) GATE, (b) reGATE. (c) Predicted y v.s. true y in reGATE, where x-axis is
the true value and y-axis is the predicted value.
To infer how the network connectivity structure Ai varies according to yi, we simulate networks by
decoding the conditional mean of the latent generator p(zi|yi) for given yi = (−1.5,−0.8,−0.1, 0.6, 2)
with the previously trained reGATE. Then a mean network is calculated via a sequence of networks
generated via pθ(Ai|zi) for each yi. Figure 7 shows the generated network with structure varying
for different yis. We can clearly observe that the mean network shows a sparse structure when
yi = −1.5, a mixture of sparse and community structure when yi = −0.8, a mixture of community
and small-world structure when yi = −0.1, a mixture of community and small-world structure but
with a more obvious small-world pattern when yi = 0.6, and a clear scale free structure when yi = 2.
These generated structures are consistent with the training networks in our simulations.
To assess our third goal, we evaluate the prediction accuracy of reGATE. We consider two
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Figure 7: First row: generated networks conditional on the specific yi using reGATE model, corresponding
to yi = −1.5,−0.8,−0.1, 0.6, 2 respectively from left to right. Second row: histogram of yi with respect to
the network structure; x-axis is the value of yi, y-axis is the frequency that belongs to a specific structure in
the training data.
cases: (1) yi = α
>Aiα + i, which implies a linear relationship between yi and Ai; (2) yi =
(α>Aiα)2 + (α>Aiα)3 + i, which implies a nonlinear relationship between yi and Ai. We also
compare reGATE with a few popular methods in the literature for predicting human traits using
network data. The first method is a regular linear regression based on tensor network principal
component analysis (LR-TNPCA) in [17]. The second method is linear regression based on a regular
PCA of the vectorized networks. The third method is tensor regression proposed in [39], denoted
as CPR here. The mean square error (MSE) from five-fold cross validation was used to compare
different approaches. Figure 6 (c) shows the association between the predicted value and the true
value under the reGATE approach in case (1). The first and second row in Table 2 show the MSE
under different methods. We can see reGATE outperforms other methods in predictive accuracy.
The third row in Table 2 reports the computing time with 100 replicated simulations. reGATE is
fast and powerful model, which not only has good prediction ability but also provides a well defined
generative probabilistic model for further inference purposes.
We summarize the computing details used in the simulation study here. We run stochastic
gradient descent with momentum (Adam [40]) on GATE and reGATE with learning rate 0.001 on 2
NVIDIA Titan-V GPU. In GATE, we use a batch size of 128, sampled uniformly at random at each
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reGATE LR-TNPCA LR-PCA CPR
MSE: case 1 0.0252 0.0271 0.0340 0.0388
MSE: case 2 0.0505 0.0593 0.0700 0.1078
Time (mins) 17.5 197.6 5.3 253.7
Table 2: The first row and the second row are the MSE under different methods. The third row is
the computing time based on 100 replications.
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Figure 8: (a) log-training loss with latent dimension K varies; (b) the paths of the log-training loss with
random initializations.
epoch and repeated for 1000 epochs. In reGATE, we use 5-fold CV to calculate the MSE, and ran
200 epochs with batch size of 128 for each training dataset. The experimental details and network
architectures for the inference model and generative model training are summarized in Table 3. The
latent dimension K is chosen as the smallest value that achieves the minimal training loss, provided
that the network architectures are fixed as in Table 3. Figure 8 (a) shows the log-training loss with
latent dimensions K varying from 5 to 100, and the training loss achieves the best performance
when K is around 45. The sensitivity of the training loss with respect to the random initialization
is also explored. As shown in Figure 8 (b), under different initializations, the paths of the training
loss converges to the same level as the epoch increases.
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Inference model (µφ, σφ) Generative model
µφ (N = 2) σφ (N = 2) setting activation
GATE/reGATE
(K = 45)
W1,µ : 45 ∗ 400
W2,µ : 400 ∗ 45
b1,µ : 400 ∗ 1
b2,µ : 45 ∗ 1
ϕ1,µ = ReLu
ϕ2,µ = Linear
W1,σ : 45 ∗ 400
W2,σ : 400 ∗ 45
b1,σ : 400 ∗ 1
b2,σ : 45 ∗ 1
ϕ1,σ = Relu
ϕ2,σ = Linear
k-NN: 16
M = 2
R = 5
h1: Sigmoid
h2: Sigmoid
Table 3: Experimental details and network architectures. K is the dimension of zi, N is the number of
layers in the inference network, M is the number of layers in GCN, R is the dimension of X(i).
5 Human Connectome Project (HCP) Analysis
We apply our methods to the HCP dataset. The HCP aims at characterizing human brain
connectivity in about 1, 200 healthy adults and to enable detailed comparisons between brain
circuits, behavior and genetics at the level of individual subjects [41]. Customized scanners were
used to produce high-quality and consistent data to measure brain connectivity. The latest release
containing various traits and MRI data can be easily accessed through ConnectomeDB. HCP also
includes a test-retest dataset - a subset of HCP participants were recruited to undergo the full 3T
HCP imaging and behavioral protocol for a second time. The rich trait data and high-resolution
MRI data make the HCP dataset ideal for studying relationships between connectomes and human
traits.
To reconstruct brain structural connectivity, we utilized a reproducible probabilistic tractography
algorithm [42, 43] to generate the whole-brain tractography data for each subject in HCP. The
method borrows anatomical information from high-resolution T1-weighted imaging to reduce bias
in reconstruction. In the generated tractography data, each streamline has a step size of 0.2 mm.
On average, 105 voxels were identified as the seeding region (white matter and gray matter interface
region) for each individual in the HCP data set (with isotropic voxel size of 1.25 mm). For each
seeding voxel, we initialized 16 streamlines to generate about 106 streamlines for each subject.
We used the popular Desikan-Killiany atlas [44] to define ROIs corresponding to the nodes in the
structural connectivity network. The Desikan-Killiany parcellation has 68 cortical surface regions
with 34 nodes in each hemisphere. Freesurfer software [45, 46] is used to perform brain registration
and parcellation. With the parcellation of an individual brain, we extract the number of fibers
connecting two ROIs to generate the structural connectivity matrix Ai.
HCP uses a reliable and well-validated battery of measures that assess a wide range of human
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functions, which are called traits in this paper. The core of this battery is comprised of the tools
and methods developed by the NIH Toolbox for Assessment of Neurological and Behavioral function
[47]. The Toolbox includes measures of cognitive, emotional, motor and sensory processes in healthy
individuals. Since we are particularly interested in cognition, we extract four cognition related
measures as y in our study, including (a) oral reading recognition test score, (b) picture vocabulary
test score, (c) line orientation - total number correct, and (d) line orientation - total positions off for
all trials. Oral reading and picture vocabulary tests measure language decoding skill and vocabulary
knowledge. The two line orientation measures spatial orientation skill.
5.1 Data visualization
Both GATE and reGATE output low-dimensional representations of the brain networks. We would
like to visualize the latent features of each individual’s connectome, and examine the relationship
between the structural connectivity and the four traits via the latent features. We train GATE on
1065 brain networks extracted from HCP to obtain low-dimensional representations zi. We then
conduct PCA on the posterior mean of zi|Ai and plot the first three PC scores in R3 colored with
its corresponding trait score. For each cognition trait, we only plot 200 subjects’ data, 100 subjects
with low trait scores and 100 subjects with high scores. As shown in Figure 9 (a)− (d), under both
GATE and reGATE, we can distinguish a separation between the two groups of subjects, indicating
that brain connection patterns are different for the two groups. However, we highlight that the
learned latent representation via reGATE is more informative about the trait, since we incorporate
the trait information in learning zi.
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(a) Oral Reading Recognition Test
(a1) GATE (a2) reGATE
(b) Picture Vocabulary Test
(b1) GATE (b2) reGATE
(c) Line Orientation: Total number correct
(c1) GATE (c2) reGATE
(d) Line Orientation: Total positions off for all trials
(d1) GATE (d2) reGATE
Figure 9: Brain PC scores under GATE and reGATE. For each trait, we selected 100 subjects with low trait
scores and 100 subjects with high scores. Colors represent the trait scores.
(b) Oral Reading Recognition Test 
(c) Picture Vocabulary Test
(d) Line Orientation: total number correct (e) Line Orientation: total positions off for all trials
(a) GATE 
Figure 10: Brain PC scores from the HCP test-retest data set under GATE and reGATE with four
different traits. Each unique combination of color represents two scans from the same subject.
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We also apply GATE and reGATE to the HCP test-retest data. Figure 10 shows 10 selected
subjects, with each unique combination of color and number representing two scans from the same
subject. For both unsupervised GATE and supervised reGATE, the test-retest brain networks
display a clear clustering pattern, implying that brain networks extracted from repeated scans are
reproducible, and we can distinguish between different subjects based on the embedded feature zi.
5.2 Goodness-of-fit via posterior predictive checks
Assessing the performance of a statistical model in recovering the generative mechanism underlying
the observed data is fundamental to avoid poor characterizations, leading to substantially biased
inference and conclusions. Therefore, model assessment is important to evaluate the model adequacy
by comparing selected network summary measures computed for the observed data, with their
distribution induced by the statistical model of interest. We here assess the performance of GATE in
characterizing the observed brain network data from HCP via posterior predictive checks ([48]) for
relevant network topological properties, including network density, mean eigencentrality and average
path length. In particular, we calculate the posterior predictive distributions for these measures
based on the generative model pθ(Ai|zi) in Section 2.2.1. Figure 11 compares the network summary
measures computed using all 1065 subjects from the HCP data set (white colored) and the generated
network data (gray colored) from our GATE model. Our model achieves good performance in
characterizing the observed network summary measures, compared with the observed data.
Figure 11: Goodness-of-fit assessments for selected network summary measures. The violin plots summarize
the distribution in the observed data (white), and the posterior predictive distribution arising from GATE
(gray).
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5.3 Inference: generate the brain connectomes conditioned on traits
In this part, we focus on inferring how the brain network varies across different levels of y (trait).
For each trait, we consider four levels that range from the minimal value to the maximum value, and
generate the networks given that particular trait value. For example, in the oral reading recognition
score, we consider y = 60, 91, 107 and 138. To make the comparison visualization more clear, we
further dichotomize the connectome strength to 0, 1 depending on whether the connection strength
is 0 or not. For each y, we generate a mean network via the conditional generative procedure in
Section 3.2. These generated networks are shown in Figure 12, where the first row of each panel
shows generated networks (with the first 34 nodes from the left side of the brain and the next 34
nodes from the right side of the brain), and the second row shows the distribution of the traits. From
(a), we can clearly see the difference among the connections between left and right brains from lower
reading score to high reading score, indicating that a richer connection between two hemispheres of
the brain is correlated to better reading ability. Similarly, we observe such phenomena in Figure 12
(b)-(d) for different traits. This result is consistent with findings in the literature [49, 16].
In addition to exploring the association between traits and connectomes, we examine how the
association changes specific to certain subnetwork and the direction of these associations. For a given
trait, we select the 25%th and 75%th quantile from the observation {yi}ni=1 as two representative
levels. For each level, we generate 100 conditional networks and calculate the mean difference
between the two groups of networks. Figure 13 plots the top 50 connections (separated by positive
and negative ones) in the mean difference network for the three cognition-related traits. From an
initial glance at these difference maps, we observe that (1) the top 50 connections are dominated
by positive ones, indicating that richer connections are associated with better cognitive traits; and
(2) the positive ones are dominated by cross-hemisphere connections, especially connections with
weights > 1000.
In the oral reading test, participants were asked to read and pronounce letters and words
as accurately as possible. The difference map generated by the oral reading test shows that the
connections (r29, r32), (l16, r16), (l16, r29), (l27, r27) stand out with significantly high weights. These
connections include regions such as superior temporal gyrus (29), temporal pole (32), paracentral
lobule (16) and superior frontal gyrus (27). The superior temporal gyrus includes the auditory
cortex, which processes sounds; the right temporal pole is related to episodic memories [50]; the
paracentral lobe controls motor and sensory; and the superior frontal gyrus contributes to high
cognitive functions and particularly to working memory [51]. We notice that this is a subnetwork that
integrates motion, audio, high cognition and working memory, which are essential to performing the
oral reading test. This is therefore consistent with the interpretation that stronger anatomical wiring
between brain regions that contribute to audition, motion, higher cognitive functions and working
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memory is associated with improved performance on this task. We observe better picture vocabulary
test performance to be associated with stronger left and right superior frontal gyrus connection.
In the picture vocabulary test, participants were presented with an audio recording of a word and
four photographic images on the computer screen and were asked to select the picture that most
closely matches the meaning of the word. Higher cognitive functions and better episodic memory
are essential to this task. In the line orientation test, two line segments were presented on the screen
and participants were asked to rotate a movable line to make it parallel to the fixed line. Here we
identify a subnetwork consisting of connections of (l16, r16), (l16, l31), (l30, r30), (l5, r5), (l17, r2),
showing significantly higher weights. This subnetwork includes the paracentral lobule involved in
sensory motor control, the supramarginal gyrus (indexed as ROI 30), involved in the interpretation
of tactile sensory data and in the perception of space and limbs location, the entorhinal cortex
(indexed as ROI 5) ) involved in navigation [52], brodmann area 10 (indexed as 31) involved in
executive functions, and the anterior cingulate cortex (indexed as ROI 2) involved in error detection,
attention and negative affect [53].
Some negative connections within each hemisphere are also observed, although both their
numbers and strengths are smaller than the positive ones. One possible explanation of these
observations is that the fibers of these within hemisphere connections are easier to generate and are
much more susceptible to emerge as false positives using existing tractography algorithms. It is
possible that these connections arise from errors introduced during the connection recovery stage.
Another possible explanation is that fewer connections between these brain regions indeed help with
these cognitive tasks. However, both explanations need future validation and study.
5.4 Prediction of traits with reGATE
We examine the predictive accuracies of reGATE, and compare with LR-TNPCA [17], LR-PCA,
CPR [39], and BLR [54]. BLR is the supervised bi-linear regression (BLR) with emphasis on
signal sub-network selection. The mean square error (MSE) from five-fold CV is used to assess
the performance. Table 4 shows the comparison result. We can see that our proposed reGATE
outperforms other methods in all of the four traits.
5.5 Network architecture summary
We summarize the computing details used in Section 5. We run Adam on GATE and reGATE with
learning rate 0.001 on 2 NVIDIA Titan-V GPU. In GATE, we used a batch size of 128 sampled
uniformly at random at each epoch and ran 200 epochs. In reGATE, we used 5-fold CV to calculate
the MSE, and ran 100 epochs with batch size of 128 for each training dataset. The latent dimension
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(a)  Oral Reading Recognition Test
y = 60 y = 91 y = 107 y = 138 y = 65 y = 84 y = 150y = 122
(b) Picture Vocabulary Test
(c) Line Orientation: Total number correct
y = 5 y = 26y = 12 y = 18
(d) Line Orientation: Total positions off for all trials
y = 5 y = 18 y = 83 y = 135
Figure 12: First row in (a)-(d): generated brain connectomes conditional on different levels of four traits
under the reGATE model. Second row in (a)-(d): histogram of the observed scores with different traits for
the 1065 individuals.
Trait reGATE LR-TNPCA LR-PCA CPR BLR
Oral Reading Recognition Test 198.9 202.1 204.2 252.1 200.4
Picture Vocabulary Test 209.1 214.5 219.0 257.2 216.1
Line Orientation: Total number correct 17.8 18.5 18.2 21.9 18.8
Line Orientation: Total positions off for all traits 195.8 201.8 202.6 259.0 200.7
Table 4: MSE for trait predition using different methods calculated via five-fold CV.
K can be chosen as 68 under the same criteria as in Section 4. Table 5 shows the detailed network
architectures for the inference model and generative model training.
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(a) Oral Reading Test (b) Picture Vocabulary Test (c) Line Orientation Test
Positive
Connections
(c1) positive 
Negative
Connections
Figure 13: Top 50 pairs of brain regions in terms of the mean changes in the generated brain connectivity
with different level of traits. The first row shows the positive connections among the 50 pairs and the second
row shows negative connections.
Inference model (µφ, σφ) Generative model
µφ (N = 2) σφ (N = 2) setting activation
GATE/reGATE
(K = 68)
W1,µ : 68 ∗ 256
W2,µ : 256 ∗ 68
b1,µ : 256 ∗ 1
b2,µ : 68 ∗ 1
ϕ1,µ =Relu
ϕ2,µ =Linear
W1,σ : 68 ∗ 256
W2,σ : 256 ∗ 68
b1,σ : 256 ∗ 1
b2,σ : 68 ∗ 1
ϕ1,σ = Relu
ϕ2,σ =Linear
k-NN: 32
M = 2
R = 5
h1: Sigmoid
h2: Sigmoid
Table 5: Experimental details and network architectures. K is the dimension of zi, N is the number of
layers in the inference network, M is the number of layers in GCN, R is the dimension of X(i).
6 Discussion
We develop a novel nonlinear latent factor model to characterize the population distribution of
replicated graphs, providing procedures for coherent and flexible inference of network data. GATE
outputs two layers of low dimensional nonlinear latent representations: one on the individuals that
can be used as a summary score for visualization and prediction of human traits of interest; and
one on the nodes for characterizing the network structure of each individual based on a latent space
model. GATE/reGATE is developed based on a deep neural network framework and implemented
via stochastic variational Bayesian algorithm. Therefore, it is computationally efficient, and can be
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easily extended to massive networks with very large number of nodes.
With an application to the HCP data, we use GATE and reGATE to study the relationship
between brain structural connectomes and various cognition measures. Using the generative model
of reGATE, we are able to simulate brain networks for a given y (e.g., cognition measure); we
then compare these brain networks generated by different y’s. For these cognition traits we clearly
observe that, cross hemispheres connections are critical. In addition to simulating brain network
data, reGATE is also a winner in terms of predicting trait scores from brain networks. With the
availability of larger brain imaging datasets, such as the UK Biobank [5] (with > 20, 000 subjects)
and the Adolescent Brain Cognitive Development study [7] (with > 10, 000) subjects, we expect
even better of GATE performance and reGATE model.
In the future, we would like to extent GATE/reGATE in the following directions. First, in brain
networks, a refined division of the brain can give a larger number of nodes, providing a more detailed
description of the brain. Previous MCMC based inference framework has difficulties to handle
such large-scale multi-networks. GATE and reGATE provides a set of new tools in this scenario.
Moreover, current large datasets all collect both functional MRI and diffusion MRI data. We now
have opportunities to study the collaborative pattern between these two different connectomes,
leveraging the effectivity and efficiency of GATE and reGATE.
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